Let K be an arbitrary field of characteristic 0, and A n the n-dimensional affine space over K. A well-known cancellation problem asks, given two algebraic varieties V 1 , V 2 ⊆ A n with isomorphic cylinders V 1 × A 1 and V 2 × A 1 , whether V 1 and V 2 themselves are isomorphic.
Introduction
Let K[x 1 , . . . , x n ] be the polynomial algebra in n variables over a field K of characteristic 0. Any collection of polynomials p 1 , . . . , p m from K[x 1 , . . . , x n ] determines an algebraic variety Spec K[x 1 , . . . , x n ]/ p 1 , . . . , p m in the affine space A n = A n K = Spec K[x 1 , . . . , x n ]. If K is algebraically closed and p 1 , . . . , p m is radical, we can of course think of this variety as the zero set {p i = 0, i = 1, . . . , m} in K n . We denote this algebraic variety by V (p 1 , . . . , p m ).
We say that two algebraic varieties V (p 1 , . . . , p m ) and V (q 1 , . . . , q k ) in A n are equivalent if there is an automorphism of A n that takes one of them onto the other. Algebraically, this means there is an automorphism of K[x 1 , . . . , x n ] that takes the ideal p 1 , . . . , p m to the ideal q 1 , . . . , q k .
A variety equivalent to V × A 1 is called a cylinder; a variety of the form 342 L. Makar-Limanov, P. van Rossum, V. Shpilrain and J.-T. Yu CMH V (p) is called a hypersurface, and a hypersurface equivalent to V (x 1 ) is called a hyperplane.
We say that two algebraic varieties V 1 and V 2 in A n are stably equivalent if there is an automorphism of A m for some m > n that takes the cylinder
We also say that two polynomials p,
We address here the following Stable equivalence problem. Is it true that stable equivalence of two hypersurfaces in A n implies their equivalence? Or, in purely algebraic language: are any two stably equivalent polynomials equivalent?
If one considers arbitrary algebraic varieties, not just hypersurfaces, then the answer is negative, as explained in [17] . The corresponding example is based on a well-known example, due to Danielewski, of non-isomorphic surfaces in C 3 with isomorphic cylinders.
Here we solve the Stable equivalence problem for n = 2: is equivalent to a hyperplane in A n+1 , then V (p) is equivalent to a hyperplane in A n . Or, in purely algebraic language: if p = p(x 1 , . . . , x n ) and ϕ(p) = x 1 for some automorphism ϕ of K[x 1 , . . . , x n+1 ], then also α(p) = x 1 for some automorphism α of K[x 1 , . . . , x n ], i.e., p is a coordinate in K[x 1 , . . . , x n ].
It turns out that the Stable coordinate conjecture is closely related to the famous Cancellation conjecture of Zariski: Cancellation conjecture. Let V (p) be a hypersurface in A n . If V (p) × A 1 is isomorphic to a hyperplane in A n+1 (i.e., to A n ), then V (p) is isomorphic to a hyperplane in A n (i.e., to A n−1 ).
Or, in purely algebraic language: if, for some K-algebra R, R[x] is isomorphic to K[x 1 , . . . , x n ], then R is isomorphic to K[x 1 , . . . , x n−1 ].
